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ABSTRACT. We study the action of the automorphism group of the
2 complex dimensional manifold symmetrized bidisc G on itself. The
automorphism group is 3 real dimensional. It foliates G into leaves all
of which are 3 real dimensional hypersurfaces except one, viz., the royal
variety. This leads us to investigate Isaev’s classification of all Kobayashi-
hyperbolic 2 complex dimensional manifolds for which the group of
holomorphic automorphisms has real dimension 3 studied by Isaev. In-
deed, we produce a biholomorphism between the symmetrized bidisc
and the domain

{(z1,22) € CP: 1+ 2112~ 12212 > [1+ 22 = 23], Im(z; (1 +2Z2)) > O}

in Isaev’s list. Isaev calls it D;. The road to the biholomorphism is
paved with various geometric insights about G.

Several consequences of the biholomorphism follow, including two
new characterizations of the symmetrized bidisc and several new char-
acterizations of D1. Among the results on D, of particular interest is
the fact that D is a “symmetrization.” When we symmetrize (appropri-

ately defined in the context in the last section) either Q; or D(lz) (Isaev’s

notation), we get D;. These two domains Q; and ZD(IZ) are in Isaev’s
list, and he mentioned that these are biholomorphic to D x D. We
produce explicit biholomorphisms between these domains and D x D.

1. INTRODUCTION

Given a domain M in C", one can ponder the extent to which its group of holo-
morphic automorphisms G determines M up to biholomorphic equivalence. A
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remarkable result of Bedford and Dadok [4] and of Saerens and Zame [20] shows
that for every compact Lie group G, there is a smoothly bounded strongly pseu-
doconvex domain M in CV for some N, for which Aut(M) = G. Moreover, there
are uncountably many distinct domains with this property.

This is why it is natural to consider a domain M with non-compact automor-
phism group. There has been a huge amount of research classifying such domains.
Perhaps the best general survey for this topic is Krantz [15].

There is a 2 complex dimensional Kobayashi hyperbolic manifold whose au-
tomorphism group is non-compact and 3 real dimensional; all orbits, except one,
are three real dimensional hypersurfaces, and the exceptional orbit is an analytic

disc. This is called the symmetrized bidisc:
G={(z1+ 22,2122) : 21,22 € D},

where D denotes the open unit disc in the complex plane C. The above mentioned
and other geometric properties of G are discussed in Section 2. The properties
remind us of one of the classical domains which first appeared in Cartan [7, p. 61],
and is greatly studied by Isaev:

Dy =1{(z1,22) € C*: 1+ |z11> = |22 > |1 + 2z} = 23|, Im(z1(1 + Z3)) > O}.

The natural question is whether these two domains are biholomorphic.

One of the aims of this paper is to explicitly exhibit a biholomorphic map
between the symmetrized bidisc and D;. This is where the seminal work [10] is
useful, where Isaev classifies all domains in C? which have 3 (real) dimensional
automorhism groups. We show the biholomorphism in Section 3. This biholo-
morphic identification with one of Isaev’s domains immediately leads to a couple
of new characterizations of the symmetrized bidisc. In the final section (Section
4), we give several applications. The applications include exhibiting explicit bi-

holomorphisms between D x D and Q; as well as D x D and D{”. The domains

Q1 and 1)§2> are from Isaev’s list, and he mentioned that they are biholomorphic
to D x D although no explicit formula was known so far. We also show that D is

a “symmetrization” of Q;, as well as of Dgz), by giving explicit maps.

We would like to mention here that recently a geometric characterization of
the symmetrized bidisc was found by Agler, Lykova, and Young in [1]. While they,
roughly speaking, fibrated the symmetrized bidisc over an analytic disc called the
royal disc, we fibrate it over an interval of the real line. Consequently, the fibres
obtained in [1] were themselves analytic discs, while in our case, the fibres, with
the exception of one, are three real dimensional hypersurfaces. This is what finally
led us to D;.

Very rarely, one finds a domain that is equally interesting to complex ana-
lysts and operator theorists. Apart from the long-studied Euclidean ball and the
polydisc, the only other domain where operator theory is very rich and complex
analysis is highly advanced is the symmetrized bidisc (see [2], [5], [12] and [14]).
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2. INTRINSIC GEOMETRY OF G

Consider the map

sym:DxD - CxC

@D z=(z1,22) = (21 + 22,2122).
It is a proper holomorphic map (see [12, p. 247]). Thus, G is a proper holomor-
phic image of the bidisc.

Unlike the automorphism groups of the unit polydisc or the unit ball in C",
n = 1, the automorphism group of G does not act transitively. This key difference
is the heart of this paper. Let D = {(z,z) : z € D} and A = {(22,2?) : z € D}.
Then, sym(D) = A is called the royal variety of G. It follows, from the explicit
description of Aut(G) provided below, that A is invariant under the action of
Aut(G), and it acts transitively on A. In this section, we shall explore some of the
properties of the orbits of the action of the automorphism group on G. First, in
Subsection 2.12.1, we shall show that all orbits except the one mentioned above
are real three-dimensional hypersurfaces. These three-dimensional orbits give a
foliation of G \ A. Then, in the next subsection, it will be established that each
three-dimensional orbit can be realized as a Z, action on Aut(D), and these orbits
are diffeomorphic to each other. The last subsection will provide us with the fact
that these orbits are strictly pseudoconvex.

We start by noting that G is Kobayashi hyperbolic because of the general result
that any bounded open set in any finite-dimensional complex Euclidean space
is Carathéodory hyperbolic, and because of the Agler-Young result in [3] that
Carathéodory and Kobayashi distances agree on G. G is the first known example
of a non-convex open set on which these two pseudo-hyperbolic distances agree.

For each @ € Aut(D) (the automorphism group of D), we can define an
automorphism Hy, of G by

Hy(z1 + 22,2122) = (@(z21) + @(22), p(z1)@(22)).

An interesting and well-known fact is that these are the only automorphisms of G;
that is, the automorphism group of G is given by

Aut(G) = {Hp : @ € Aut(D)}.

This can be found in [12].

2.1. Foliation of G. We define a relation “~” on G by stating that (s, p) ~
(t,q) if and only if there is an Hyp, € Aut(G) such that Hy (s, p) = (t,q). Note
that for all a in the half-open interval [0, 1), the pair (a,0) is a member of G.

Theorem 2.1. The relation “~” defined above is an equivalence relation. If the
equivalence class of the point (s, p) of G is denoted by [ (s, p)], then the equivalence
classes are given by {[(a,0)]:a €[0,1)}.
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Proof Clearly, “~” is an equivalence relation. To find the equivalence classes,
consider (s, p) € G. Then, there are z1,z, € D such that (s, p) = (z1+2,z122).
For @ € D, let o« € Aut(D) be given by

-z
1—&z’

Palz) =
Thus, we have
Hgp, (21 + 22,2122) = (¢2,(22),0).
Using a rotation, we see there is a ¢ € Aut(D) such that
Hyp(z1 + 22,2122) = (|@z,(22)1,0).

Since 0 < @, (22)] < 1 and @2, : D — D is onto, each equivalence class must
contain an element of the form (a, 0) for some a € [0, 1).

To complete the proof, it is sufficient to show that [(a,0)] = [(b,0)] if and
onlyifa = b fora,b € [0, 1). Start with the assumption that [(a,0)] = [(b,0)]
for some a,b € [0,1). Since (a,0) ~ (b,0), there is a @ € Aut(D) such that
Hg(a,0) = (b,0). Now, thereisa 0 € [0,277] and an & € D such that

_ ,i0 X— 2
P& = e
Thus, (@(a) + 0),p(a)p(0)) = (b,0), so (p(a),P(0)) is either (b,0) or
(0,b). If (p(a), p(0)) = (b,0), then —e’?a = b and if (p(a), p(0)) = (0,b),
then e®a = b. Since both a and b are non-negative, we deduce that a = b.
Hence, {[(a,0)]:a € [0, 1)} is the complete list of the equivalence classes. O

By the definition of “~,” Aut(G) acts transitively on the equivalence class
[(a,0)] for each a € [0, 1). Also note that the equivalence class [ (0,0)] is A.

Lemma 2.2. Each equivalence class [(a,0)], a € [0,1), is a closed path-
connected subset of G.

Proof. It is sufficient to show that for any (s,p) in the equivalence class
[(a,0)] of the point (a,0), there is a path from (a,0) to (s, p). By definition of
the equivalence class [(a, 0) ], there is a @ € Aut(D) such that Hy (a,0) = (s, p).
Every such @ is of the form

o X—Z2

P(2) =TT 52

forsome 0 € [0,21r]and x € D. Fort € [0,1],let 0; = tO+ (1 — )17, &ty = tX
and
iet (Xt_z

pi(z) =e a2
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Clearly, @ € Aut(D) forall t € [0,1], 1(z) = @(2), and Po(z) = z for all
z € D. Defineamap h:[0,1] - G by

h(t) = Hp,(a,0) = (@i(a) + @:(0), (@)@ (0)).

This is a path with h(0) = (a,0) and h(1) = Hg(a,0) = (s,p). This proves
[(a,0)] is path-connected. To show that the equivalence class [(a, 0)] is closed,
consider a sequence {(Sn, Pn)}n-1 in [(a,0)], and suppose that it converges to
(s,p) € G. For each n, thereisa 0,, € [0,21] and an &, € D such that with
@n(z) = et (x, —2)/(1 — ®pz), one can write

Hyp,(a,0) = (sn,pn).

Passing to a subsequence, if necessary, we may assume {0,};_; converges to 0
and {&p} -, converges to &, for some 0 € [0,217] and & € D. Thus, we have

0 X—a 0 X—a
(e”’i_ + el 20 x—— ) = (s,p).
1-xa 1-a&a

If || = 1, then we get (s,p) = (29, e?"?«?). But this is impossible because
(s,p) € G satisfies |s| < 2. Thus, «x € D, so we get Hp(a,0) = (s,p) where
@(z) = e (x—2)/(1 — &z) is in Aut(D). This proves that (s,p) € [(a,0)].
Hence, [(a, 0)] is closed. O

A fact worth noting is that given any (s,p), (t,q) € [(a,0)], a € (0,1),
there are exactly two @ € Aut(D) such that Hy (t,q) = (s,p). When a = 0, the
number of such automorphisms is infinite.

From the previous discussion, it is clear that G has a complex one-dimensional
orbit and uncountably many real three-dimensional orbits.

We identify C* with R%4, and consider the real 4-manifolds D x D and G and
the diagram

sym
DXD——G

f=A‘ J,q

[0, 1)

where
Z1— 23

1—2_122

f(z1,20) = q(z1 + 22,2122) = |@z (22)] =

Thus, f is the Mébius distance between the points z; and z,. Clearly, both f and
q are surjective C* functions.
Note that Z, = {+1} has a natural action on D X D given by

(+1) - (z1,22) = (21,22) and (=1) - (z1,22) = (22,21).
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It is clear that G = D x D/Z;. We collect some obvious facts in a lemma. Proofs
are omitted.

Lemma 2.3. With f, sym, and q as above, the following are true:

(1) The fixed point set of 7, is the set D = {(z,z) : z € D}.

@) f=qesym.

(3) sym |pxp\p #s @ 2-t0-1 map and f(z) = f((=1) - z) forallz € D x D.

(4) The action of Z, on D X D \ D is properly discontinuous.

(5) G is a smooth 4-manifold.

We want to show that the f defined above is a submersion of D X D \ D into
the open interval (0, 1). To that end, we need the following computations.

Lemma 2.4. Let z = (z1,23) = (X1,Y1,X2,)2) and f(2) = f(z1,22) =
|@©2,(22)|. Then we have the following:

(1) Dwf = (0x,.f2 0.1, 0x,.0, 053, ) (w) = 0 forallw € D x D\ D.
(2) Dwf : Tw(D XD\ D) — Tru)(0,1) is onto for allw € D x D \ D.

Proof- Since Trw)(0, 1) is one dimensional, (1) implies (2). Let us then prove
(1). For z = (x1, ¥1,X2,Y2) € DX D\ D, we have

(2.2) f(x1,1,x2,02) = @2, (22)]

V01— x2)2 + (01 - 32)?

\/(1 — X132 — Y1Y2)? + (X172 = X2¥1)?

Note that f(z1,2z;) = 0 if and only if z; = z,. Now, differentiating (2.2) we get

(2.3) Ox, f (X1, ¥1,X2,2) _ { X1 — X2
' f(x1, 71, %2,92) (x1—x2)2+ (1 — 2)?
X2(1 — xX1%2 — ¥12) — Y2(X1V2 — X21) 7[
+
(1 -x1x2 = y122)%2 + (X172 — X21)?

(24) aylf(xlyy1,x2,y2) _ { yl —_')/2
f(x1,y1,%2,2) (x1 = x2)%2 + (V1 — »2)?
vl —x1x2 — Y1)2) + X2(X1V2 — X21) 7;
+
(1 —x1x2 = 1)2)% + (X172 — xX2)1)?

(2 5) aXzf(xhylstlyZ) — { _(xl _XZ)
’ f(x1,y1,%2,22) (X1 —x2)2+ (y1 —2)?
xX1(1 = x1x2 = Y1)2) + Y1(x1Y2 — XZ.)’])}
+
(1 —x1x2 = 312)% + (X172 — X2)1)?
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(26) ayzf(xliyllXZ’yZ) :{ _(yl_yz)
' f(x1, 71, x2,2) (x1 —x2)2+ (31 — >2)?
yi(l —x1X2 — y1)2) — X1(X12 — X21) 7[
+ .
(1 -x1x2 = y1)2)%2 + (X172 — X21)?

We must show Dy f = (0x, f, 0y,.f, 0x,.f, 0y, f)(w) # O forall w € D x D\ D.
Suppose on the contrary there is a point & = (c1,d1,¢2,d2) € D x D\ D such
that Dy f = 0. Clearly, @ + 0. Let

f@?*(1-cic;—didr) =a and  f()*(c1dy — c2dy) = b.
Note that for z = (z1,22) = (x1,)1,X2,)2) € D X D\ D we have the following:

Ox, f(x1,¥1,X2,%2) =0
or
X1 — X2 Xz(l_X]xz—ylyz)—yz(xlyz_xzyl) _

0
(x1 = x2)2 + (y1 =) (1 —x1x2 = y122)2 + (X172 — X21)?

or
X1 +0- 1+ (f(2)2(1 - x1x2 - »122) — Dx2
+ (= f(2)*(x172 — x221))y2 = 0.

Considering the remaining partial derivatives, we can derive analogous equations.
Thus, from the equations (2.3), (2.4), (2.5), and (2.6), we obtain that Dy f = 0 if
and only if (x1, Y1, X2, ¥2) = (¢1,d1, ¢2,d2) is a nontrivial solution of the system
of equations

x1+0-yi+(a-1)xz+ (=b)y, =0,
0-x1+y1+bxy;+(a-1)y, =0,
(a-1)x1+by;+x2+0-y,=0,
(-b)x1+(@a@a—-1)y1+0-x2+y,=0.

This gives us that the coefficient matrix of the system of these equations has zero
determinant. Thus, we get 2a = a? + b?. Now, recall that

f(@)?(1—cica—didy) =a and  f(x)*(cida — cady) = b.
Using these values, we obtain
2=lc1l? + 1di1? + lea? + |da |2
But this is a contradiction, because (¢1, d1, ¢2,d,) € D x D. Hence,
Duwf = (0x,f, 09, f,0x,.f, 03, f)(w) #0 forallw e DxD\D.

This completes the proof. O
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The next lemma gives a geometric structure of DX D\ D, and from this lemma
we derive an analogous result on the symmetrized bidisc.

Lemma 2.5. Let [ : X — [0,1) be given by f(z) = f(z1,22) =
|\®2,(22)|. Then, we have the following:

(1) floxp\p : DX D\ D — (0,1) is a submersion.

(2) f defines a three-dimensional foliation F of D X D \ D where the leaves are

Fa=f""a}, ac0,1).
(3) Each leaf of F = {Fa:a € (0,1)} is a real 3-manifold.
(4) For each leaf Fa of F, the action of 7, induces a free properly discontinuous

action on Fg.

Proof- (1) From Lemma 2.4 we have Dy f = (0x, f, 0y,.f, 0x,.f, 0y,.f) (W) #
Oforallw € Dx D\ D. Thus, flpxp\p: D XD\ D — (0,1) is a submersion.

(2) Using [6, Example 1, p. 23], we find that f defines a three-dimensional fo-
liation of D x D \ D where the leaves are the connected components of f~!{a},
a € (0,1). Now, f~'{a} = {(p(a),p(0)) : ¢ € Aut(D)}. This is clearly path
connected, and hence connected.

(3) By Lemma 2.4, we see that Dy f : Ty (D XD\ D) — Trw)(0,1) is onto for all
weDxD\D,and f: D x D — [0,1) is surjective. By the Preimage Theorem
in [8, p. 21], each point of (0,1) is a regular value for f, and f~'{a} = Faisa
three-dimensional submanifold of D x D \ D.

(4) Under the Z; action, F, is invariant because f(z) = f((—=1) - z). Since the
Z, action is free on D X D \ D, the Z, action is free on F,; as well. Now, F, is
Hausdorff. Thus, as in Lemma 2.3, Z, acts properly discontinuously on Fq. O

We have reached the main result of this subsection.

Theorem 2.6. Consider the map q : G — [0,1) defined by a(z1 + z2,212,)
|@2,(22)|. Then, we have the following results:
(1) qle\a: G\ A — (0,1) is a submersion.
(2) q defines a three-dimensional foliation L of G \ A, where the leaves are L, =
qa '{a}, a < (0,1).
(3) Each leafof L = {L4:a € (0,1)} is a real 3-manifold.
(4) Foreach a € (0,1), L; = Fa/Z>.

Proof- (1) We have q o sym = f where f is given in Lemma 2.5 and sym is
defined in Section 2. For any z = (z1,22) = (x1,¥1,X2,¥2) € DX D\ D, the
determinant of the real Jacobian of sym at (x1, 31, X2, 2) has the value |z — 2, |%.
Since (z1,2z;) € D x D\ D, we have z; # z,. Therefore, on D x D \ D, sym is a
local diffeomorphism. By the chain rule, we have

Dym(2)d = Dzf © (D sym)~".

Since both of D, f and D, sym are surjective for z € D x D \ D, we have that
q:G\A - (0,1) is a submersion.
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(2) Using the submersion g : G\ A — (0,1), arguments similar to Lemma 2.5
give us a three-dimensional foliation £ of G \ A. The leaves are the connected
components of g~'{a}, a € (0,1). Now, by Theorem 2.1, g"'{a} = [(a,0)],
and by Lemma 2.2 the equivalence classes [(a,0)], a € (0, 1) are path connected.
Thus, each of g~'{a}, a € (0,1) is connected, and so the leaves are g~'{a},
ae (0,1).

(3) Foranyw € G\ A,
Dwq : Tw(G\ A) - Tyw)(0,1)

is surjective and @ : G\ A — (0, 1) is also surjective. Thus, each point of (0, 1)
is a regular value for g, and £ = g '{a} is a three-dimensional submanifold of
G\ A.

(4) All we need to do is to note that £; = sym(Fa) isaleafin D x D\ D)/Z; =
G\ A, and hence £, = F./7,. O

2.2. The leaves are diffeomorphic. For @i, @, € Aut(D), consider the
automorphism
Q@) (21,22) = (P1(21), P2(22))

of the bidisc. It is well known (see, e.g., [19]), that
Aut(D X D) = {®(p,,02)s P(p1,@2)00 : P1, P2 € Aut(D)},

where 0 : DX D — D X D sends (21, z2) to (22, z1). The proper closed subgroup
Gp = {P(p,p) : P € Aut(D)} of Aut(D x D) does not act transitively on D x D,
and hence we consider the equivalence relation ~" on D x D by declaring

(z1,22) ~" (w1, w,) if and only if there is a @ € Aut(D) such
that (@ (z1), (22)) = (w1, w7).

Each equivalence class contains exactly one element of the form (a,0) for some
a € [0,1). Recall the map f: Dx D — [0, 1) from the statement of Lemma 2.5
defined by f(z1,z2) = @z (22)|. Since Fu = f~'(a) for all a in the open
interval (0, 1), we have, by the definition of f,

Fa=1[(a,0)]" (the ~" equivalence class containing (a,0))
={®p(a,0): @ € Aut(D)} (denoting ®(qp,p) by Py for brevity).

We want to point out the fact that given any a in the open interval (0, 1) and any
z € Fa, there is exactly one @ € Aut(D) such that ®¢(a,0) = z. Thus, we are
allowed to define a map Q4 : f~'{a} — Aut(D) sending ¢ (a,0) to . The
following lemma shows that Qg is a diffeomorphism.

Lemma 2.7. Qg : Fa — Aut(D) is a diffeomorphism.
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Proof. Clearly, Qg is bijective. All we need to show is that Q, and Q! are
smooth. To do that, first let us define two atlases on Aut(D) and Fj.

Let Uy = {Qon:0 € (—m,m), x € D} and let U, = {@o : 6 € (0,211),
o € D}, where o «(2) = et (z — w)/(1 — &z). We shall consider two maps
Y1:U; - (—m,m) x D and ¢ : Uy — (0,21) X D, defined by ¢j(@o,«) =
(0,0), j =1,2. Then, A = {(Uy,y1), (Us, 1)} is a smooth atlas on Aut(D),
giving it a structure of a smooth real 3-manifold (see [1]).

We now consider V; = {®y(a,0) : ¢ € Uj}, j = 1,2. Also define
U vy — (—mr, ) XD and U : Vo — (0,21T) X by[,lj(':bqu) = ([JJ(Q?),J =1,2.
Note that Q4(Vj) = Uj, j = 1,2. Clearly, A" = {(Vi, 1), (Va, t2)} makes Fa
a smooth real 3-manifold. Now, a little computation gives us @/j o Qg o p; ' and
HioQgl o L,UJ_-I, i,j = 1,2, are smooth functions. Hence, Q, is a diffeomor-
phism. o

For every fixed a in the interval (0, 1), we can consider the quotient map

symy @ Fa — F/Zy (= L4 by Theorem 2.6).

In other words, sym; = sym|y,. For every fixed a in (0,1), there is also an
action of Z; on Aut(D) defined by

(+1)-p=@ and (-1)-@ =@o@y,

where
a-z
~az = Q@Pma-

Qa(z) =

This free and properly discontinuous action leads to the quotient manifold
Aut(D)/,Z,, where we have retained the symbol a to emphasize the significance
of the number a in (0, 1). Now, take the quotient map

Symy . (py : Aut(D)) — Aut(D)/,Z,.

By the quotient manifold theorem (Theorem 21.10 in [16]), sym,, and
SyM . (p) are smooth submersions. With this in our hand, we state our next
result.

Lemma 2.8. For each a € (0, 1) there is a diffeomorphism
Qu: Lo — Aut(D)/,Zs.

Proof. Observe that sym, p, ©Qa is constant on the fibers of symyg, which
are precisely {®y(a,0), d)(po(pa(a 0)}. Thus, Theorem 4.30 in [16] gives us a
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smooth map J : £, — Aut(D)/,Z; and the following commutative diagram:

Fa
lsymAu[(D) °Qa

Lo =1 Au(D)/, 2,

RAN

re., Jo Symy = Symy, (p) °0Qg.

It is also clear that sym oQg' is constant on the fibers of sym, ) which
are {@, @ o @g}. Thus, there is a smooth map H : Aut(D)/,Z, — L such that
the diagram

Aut(D)
SYMpu (D) szm 0
Fa °Xa
Aut(D)/, 2, —— £,

is commutative, that is, sym, oQg' = H o sym, ). Itis easy to see that H =

J L. If we write J = Qg, then it is our required diffeomorphism. This completes
the proof. O

We know that the orbits of the action of the automorphism group on the
symmetrized bidisc are given by the collection {£, : a € [0,1)} where Ly = A.
The indexing set [0, 1) corresponds to the line {(a,0) : a € [0,1)} in G. For
each a € (0,1), (a,0) is fixed by Hy, (o is the identity map) and Hgp,. Thus,
the collection of the automorphisms fixing the elements of {(a,0) : a € (0,1)}
varies with a. Now, we shall exhibit an indexing set which is easier to deal with.
We start with the following lemma.

Lemma 2.9. For each a € (0,1), there is a unique b € (0,1) such that
[(a,0)] = [(0,—Db%)]. Moreover, the map sending a to b is a diffeomorphism of
(0,1).

Proof. Define h : (0,1) — (0,1) by h(a) = ﬁ. It is clearly invertible,
and is a diffeomorphism. Now, for b = a/(1 + V1 — a?) we have lh:cz = —bh.
Thus, the automorphism @y (z) = (b — z)/(1 — zb) of D sends 0 to b and a to
—b. Hence, Hyp,(a,0) = (0, —b?), so [(a,0)] = [(0,-b?)]. Now, it is easy to
see that for a € (0, 1), if (0, —c?) € [(a,0)] for some ¢ € (0, 1), then

a

1++/1-a?

C =

This completes the proof. O
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Thus, the collection of the orbits can be written as {[(0, —b%)]: b € [0,1)}.
An interesting fact is that for any b € (0, 1), we have

{Hp € Aut(G) : Hy, (0, —b?) = (0,-b?)} = {Hg,, H-¢, },

where @y is the identity in Aut(D). Consider the function fi : D x D — [0, 1),
given by
@2, (22)]

1+41- IQJZI(Zz)IZI

By Lemmae 2.5 and 2.9, f; gives a foliation of D x D \ D. For a € [0,1) and
b=a/(l++V1-a?),wehave

fi(z1,22) =

fitib} = f~Ha} = [(a,0)]" = [(=b, b)) = Gp{(~b,b)}.

The discussion so far shows us that for any a € (0, 1), there is a diffeomor-
phism from F4 to Aut(D) that sends ®¢, (—b, b) to @ where b = a/(1++/1 — a?).
With this in our hand, we consider an action of Z, on Aut(D) by

(+1)-@=@ and (-1)-@ =@ o (@),

where @ is the identity function in Aut(D). This action is free and properly
discontinuous. Let us write Aut(D)/Z; for the quotient space. Clearly, the quo-
tient map sym,, : Aut(D) — Aut(D)/yZ; is a smooth submersion. The same
procedure used in the proof of Lemma 2.8 gives us that £, is diffeomorphic with
Aut(D)/yZ,. As a consequence of this conclusion, we have the following result.

Theorem 2.10. Foranyc € (0,1), L and Aut(D)/.Z are diffeomorphic with
Aut(D) / o0Z>.

Later, we shall see that if ¢ and d are two distinct points in (0, 1), then £,
and L4 are CR-nonequivalent.

2.3. Pseudoconvexity of the three-dimensional orbits. We end the section
with the result which shows that the three-dimensional orbits are strongly pseudo-
convex hypersurfaces. In the next section, we shall see that the pseudoconvexity
of these orbits will lead us to our main result, namely, the realization of the sym-
metrized bidisc.

Theorem 2.11. All the three-dimensional orbits of G under the action of its
automorphism group are strongly pseudoconvex hypersurfaces.

Proof. Note that all the three-dimensional orbits are {sym(Fa) : @ € (0,1)}.
Recall that

Fa =f*1{(l} = {(21,22) eDxD: |¢21(22)| — M —(/‘L}.

11— 221
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Therefore, a defining function for the three-dimensional hypersurface Fq is given
by

9a(z1,22) = lz1 — 2> —a*|1 —212,)*: D x D — R.
Straightforward calculations reveal that
02,9a = (21 — Z2) + a?2,(1 - 2123);
02,da = —(21 — 22) + a*21(1 - 2,21);
aélzlga = 1 - a2|22|2;
aézZzga = 1 - a2|21|2;

az2Z1ga =-1+ az(l —Z127).
We now note that the complex tangent space to F, at an arbitrary point z is
Tg(fa) = {(wy,w,) € C?: (02,9q)(2)w1 + (82,94) (2)w; = 0}.

Let ul” = —(92,84)(2)/(02,9a)(2) and v¥ = (', )T, Then, TS(Fa) =
At 1A e C). Set

B@ — (azlzlga)(z) (52221%)(;)
z B (allézga)(g) (alzézga)(g) ’

the Levi matrix of g,. We want to show (Béa)v, v) >0 forevery v e Tg (Fa) \ {0},
where (-, -) denotes the standard Hermitian inner product in C2. To do this, it is
enough, from the form of Tg (F4) mentioned above, to show

(BWv@ v@) > 0.

Now, (z1,22) = (p(a), p(0)) for some @ € Aut(D), where @ is given, for some
0 € R and some & € D, by

pz)=e®Z"% vzep.

1-az
Thus,
z, = el? f:(;;, z; = e
One has
. _ 2 _ 2
2.7) zl—zz=e19M, 1-2z12, = Sl [
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Therefore,

u@ - _ (02,9q) (2) _ (21— 2;) —a’z1(1 — z12)

< (02,9a)(2) (21— 22) +a?Zy(1 — Z122)
e‘ieal — |2 20109~ x 1-|xl?

1 —ax . 1 —ax 1—2615( (using (2.7))
PR S Snll (-  JRT B Bl [+
1-ax 1l -ax
_ l—ax _ a
1-a& (1-ax)?’

Now, let D@ (z) = <B;“)v;“), vé“)). Then,

2.8)  D@(2) = (3:,2,9a) (D) P + (32,2,90) (2)ul”
+(02,2,94) (2)UP + (82,2,9a) (2)
— (1-laza )@ P2 - (1 - a1 - z12)ul”
- (1-a*(1-ziz))ul® + (1 - laz, %),

by using the expressions for the partial derivatives of g, computed earlier. Also,

using the expressions for z;, z5, 1 — z1Z;, and u(;a) in terms of a, «, and 0, we
obtain that |az;|? = |ax|? and
1-a? i}
1-lazi||* = 57— == (1+a* - a& - ax).
1 —ax|
Also,

— — g2 2 _ 42
29) (1-a*(1-zzyuw = 1-ac-a tlacl 1-a

1-ax 1 —ax|?

~(l-ac)(l-a&)—ala—&) 1-a?

B 1-a& 1 — ax|2

—<l—aa—aa_&> 1-a?

- 1-a&/ |1 -ax|?

Hence,

- _ 2
(2.10) (1—a2(1—zlz'2))u;“)=(1—aa—a“ "‘) 1-a”

= 1-ax/ |1 —-ax|?

Thus, from (2.8), (2.9), and (2.10), we get

a— &
D@ (z2) = (1 - lax|®)|u®|* - (1 -an-a ) lul|
= 1 -ax =
- X -
U@+ [u@ |1 +a*-ax - ac).
O( Z z

_ a
—(1—(10(—(11
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Therefore, first dividing the above equation throughout by [us"|, and then sub-

stituting the known expression for 15"

after some computations,

into the resulting righthand side, we get,

- %(a&+aa—2laal2)
+ ﬁ@a— a*(x + &) — (x+ &) +2alxl?).
Therefore,

11 —a&|’D¥ (2)

lus?|

=(1-a*)(a&+ax-2lanl?)

+aRa-a*(x+ &) — (x+ &) +2alx|?)

=2a%*(l —ax —a& + |lax|?) = 2a%|1 — ax|?.

Hence, D@ (z) = 2a2|u(;“)| > 0 (recall that |ax| < 1, which allows us to cancel
|1 — ax|? from both sides), so that, by our previous remarks, we can conclude
the real hypersurface F, is strongly pseudoconvex. Now, recall sym : D x D \
D — G\ A is alocal biholomorphism (in fact, a 2-sheeted holomorphic covering
map), and that it is a surjection from the hypersurface ‘F, to the hypersurface £,.
Therefore, by the biholomorphic invariance of the Levi form, it follows that £, is
also strongly pseudoconvex, as required. O

In this section, we saw that the action of the automorphism group on the
symmetrized bidisc foliates it into strongly pseudoconvex three-dimensional hy-
persurfaces with one exception. A search for domains with these properties brings
to the fore a classical domain first studied by Cartan [7] and elaborated in the next
section.

3. BIHOLOMORPHISM BETWEEN G AND D,

The geometry of the symmetrized bidisc studied so far shows that it is a two-
dimensional Kobayashi-hyperbolic complex manifold with three-dimensional au-
tomorphism group whose properly discontinuous action foliates G into orbits all,
except one, of which are three-dimensional strongly pseudoconvex hypersurfaces
with the exceptional one being a complex curve. This brings us to Isaev’s classi-
fication in [10] of all connected two-dimensional Kobayashi-hyperbolic complex
manifolds having three-dimensional automorphism groups. Amongst the model
spaces introduced there are Dy ; and Dy, the definitions of which we reproduce
below:



700 T. BHATTACHARYYA, A. BISWAS ¢ A. MAITRA

Do ={(z,w) € Cisll+22 - w? < 1+]z2 - |w|?
<tll+22 - w?|, In(z(1 + 1)) > 0},

where 1 <5 <t < oo, with the understanding that if t = o, then D ; does not
contain the complex curve

{(zyw)eC:1+22—w?=0, Im(z(1 +w)) > 0}.
Furthermore,
Di={(z,w) e C:s|1+22-w? <1+]|z>=|wl|? Im(z(1 + w)) > 0}

={(z,w)eC?:|1+22—-w? < %(1 +1z12 = Jwl?), Im(z(1 +w)) > 0}

where 1 <5 < co. We point out two facts (see (9) in [10, Section 2]):

(1) The automorphism group of each Dy and Dy is SO(2,1)?, which acts
on it in the following way:

<a21 +danz + azazz)

ap apz a3 as1 + aszy + assz;
A Ay Az | - (21,22) = ———————
aszy as ass H 12 e
for
ay a2 a3
ax axn ax | € SO22,1)° and (z1,22) € Dy or Dy,
as) as ass

(2) The orbits of the action of Aut(Ds) on Dy are the pairwise CR-non-
equivalent strongly pseudoconvex hypersurfaces nc, ¢ € (0,1/s), along
with the complex curve ng, where

no=1(z1,22) €C:1+2{-25=0, Im(z:(1 +Z2)) > 0},
ne={(z120 € C:1+22 -2 = cl +1z1> - |z,

Im(z1(1 +Z3)) >0}_

These sets . were first mentioned by E. Cartan [7].
First, we shall show that G is biholomorphic with

D1 ={(z1,22) € C: 1+ |z11> = |z21* > |11 + 22 = 23], Im(z2,(1 + Z3)) > O}.

This space is mentioned in [9] as well, where it is stated that D; is contained in
the space H = {(z1,2z3) € C? : Im(zy) > 0, z; ¢ (—o0,—1] U [1,)}. For the
sake of completeness and for our future reference, we shall state it as a lemma and
give a quick proof.
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Lemma 3.1. D, C H. If (z1,2,) € Dy, then (21,0) € D.
Proof Let (z1,25) € D;. Then, we have

(3.1) 1+ 121> = |z > 11 + 2} - 23],

(3.2) Im(z;(1 +Z3)) > 0.

Clearly, 1 + [z11? > |1 + z}|. Let z; = re'? and z; = te'®. Thus, from (3.1) and
(3.2), we get

(3.3) r2sin? 0 > t?sin® ¢p + r2t2sin’(¢p — 0),
(3.4) sin @ + tsin(¢p — 0) > 0.

If sin @ < 0, then (3.4) contradicts (3.3). Thus, Im(z;) > 0 and hence (z1,0) €
D;.

Now, if z, € (=0, —1], then it contradicts (3.2), and if z, € [1, ), then it
contradicts (3.1). This completes the proof. o

We now prove that the symmetrized bidisc is biholomorphically equivalent to
the unbounded domain D;.

Theorem 3.2. G and Dy are biholomorphic.

Proof. To motivate the proof, it is worthwhile considering the complex curve
no=1(z1,z2) € C?:1+2z} - 23 =0, Im(z1(1 +Z)) > 0}.

If (z1,22) € no, then z; lies in the upper half plane.
We know that z — i(1+2) /(1 — z) is a biholomorphic function that maps D
onto the upper half plane. Thus, by Lemma 3.1 there is a point p” € D such that

4 4

1+
Zl=i P

4p
2 _ _
T and z5 = a-p

Setting p’ = z% and z, = —i2z/(1 — z?) gives us that the map

oo (1 z2 2z
1-2z2" 1-22
is a biholomorphism from D onto 1.
Motivated by the above, consider the map F : G — C? defined by

B .1+p_, S
(3.5) F(S,p)—(l—l_p, l—l—p>'
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Clearly, this map is injective and holomorphic. For (s,p) € G, there exist
Z1,22 € D such that (s,p) = (21 + 22,2122). Thus, we have

. . 2 . 2
‘1+(1+1p) _(_ is )
l-p l-p

m4p2_'_ is |*
l-p l-p

1@ (2P
2= 1z (222

e [0,1).
1+

Also,

i+1ip (_ is ))) 2 o
Im(l—p(1+ —p >0 < 1> |p|*+Im(ps+3).

Since Im(pS + 5) = Im(ps — s) and (s, p) satisfies 1 > |p|? + |pS — s| (see
Theorem 2.1 in [3] or Theorem 7.13 in [12]), we have that F maps G into D;.

To prove surjectivity, take a point (4, v) € D;. By Lemma 3.1, Im(u) > 0.
Thus, there is a unique g € D such that u = (i +iq)/(1 — q). Choose t € C so
that v = —it/(1 — q). By (3.1) and (3.2), we have

[t2 — 4q|
2(1+ 1ql?) — [t]?

(3.6) €[0,1) and 1> |q|*>+Im(t + pt).

Now, there is a unique set {w;, w,} C Csatisfying t = w; + w; and g = wiws.
Since |g] < 1, we may assume that |w;| < 1. From (3.6) we get

|Qw, (wy) |*
———— < [0,1).
2 1w awpp? <
Thus, @, (w2) € D, and hence we have that w, € D. Thus, (t,9) € G and
F(t,q) = (u,v).
The inverse of F is easy to compute and is clearly holomorphic. This then
completes the proof. O

This leads to a characterization theorem. We start by following Isaev and call
a connected two-dimensional Kobayashi-hyperbolic complex manifold M having
a real three-dimensional group of holomorphic automorphisms Aut(M) a (2, 3)-
manifold.

Theorem 3.3. Suppose M is a (2,3)-manifold. Let G(M) be that connected
component of the automorphism group of M which contains the identity. Suppose
all the orbits of M under G(M), except only one, are strongly pseudoconvex three-
dimensional real hypersurfaces and that the sole remaining orbit is a complex curve.
Suppose there exists an €y > 0 such that for every ¢ € (1 — &, 1), there exists a three-
dimensional orbit O such that O is CR-equivalent to n.. Then, M is biholomorphic
to G.
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Proof. Our theorem follows, with very little effort, from Isaev’s work. It fol-
lows from the proof of [10, Theorem 5.1] that if M is a (2, 3)-manifold having
an orbit under the action of G(M) that is a complex curve and also having a
strongly pseudoconvex codimension-1 orbit that is CR-equivalent to . for some
¢ € (0,1), then M is biholomorphic to D; for some s € [1, ). What we have to
do is show that s = 1. Assume, to get a contradiction, that s > 1. We choose a so
that (1/s) < a < 1. By hypothesis, M contains a codimension-1 orbit O that is
CR-equivalent to ng. Also, by assumption, M is biholomorphic to Dy; let f be a
biholomorphism from M to D;. We have that f takes O to some codimension-1
orbit in Ds. One must, therefore, have f(O) = np for some b € (0,1/s). In
particular, np must be CR-equivalent to ng, but that is a contradiction because
b + a. This shows that s = 1, and so M is biholomorphic to D, which, as we
have seen, is biholomorphic to G. O

Post facto, the automorphism group of M is connected.

Remark 3.4. It is also possible to obtain the conclusion of the theorem above
by making the following formally weaker hypotheses: M is a (2, 3)-manifold that
has a codimension-2 orbit under G(M) that is a complex curve, and there exists
an & > 0 such that for every ¢ € (1 — &, 1), there exists a codimension-1 orbit
that is a strongly pseudoconvex hypersurface and, furthermore, is CR-equivalent
to Ne.

We conclude this section with another characterization of G. We would like
to refer to the many characterizations of G which can be found in [3] and [12].
Here, we give a new condition on a point (s,p) of C? so that it belongs to G.
It has a resemblance with other known conditions, but it is neither trivial nor
identical to any known conditions.

Corollary 3.5. An element (s,p) of C? isin G if and only if the following
conditions hold:

1> |pl?>+ImGp +3),
2+ 2|pl? > Is]? + |s? - 4p|.
Proof. From (3.6) it is clear that (s, p) € Gifand onlyif1 > [p|?+Im(Sp+3)
and 2 + 2|p |2 > |s|? + |s? - 4p]. O
4. APPLICATIONS

In this section, we give several applications of the ideas developed in Sections 2
and 3. The maps g and F play big roles.

4.1. Application 1: Ideals of Co(G). Here, we give a complete character-
ization of Aut(G) invariant closed ideals of Cy(G), the algebra of all continuous
functions on G vanishing at infinity. Note that if X is either the open unit ball
or the open unit polydisc (see [11] and [17]), then there is no proper nontrivial
Aut(X) invariant closed ideal of Cy(X).
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Theorem 4.1. Each Aut(G) invariant closed ideal of Co(G) can be written as
I(E), where E is of the form q~ '\ for some closed subset A of [0, 1).

Proof. Let A be a closed subset of [0, 1). Then, the set E = g~ 'A is closed in
G and satisfies Hy, (E) = E for all ¢ € Aut(D). Consider

I(E) = {f € Go(G) : flg = 0}

This is a closed ideal of Cy(G). Since Hy (E) = E for all @ € Aut(D), we have
f oHgp € I(E) whenever f € I(E) and @ € Aut(D). Thus, I(E) is a closed
Aut(G) invariant ideal of Cy(G). Conversely, suppose that I is a closed Aut(G)
invariant ideal of Co(G). Let

E=()f 10} ={weG: fw)=0foral f e1I}.
fel

Then, I = I(E) (see [13, Theorem 1.4.6]). For any a € [0, 1), we have that either
a '{a}nE =@orq '{a} C E. Indeed, if g '{a} nE + &, choose, if possible, a
zing '{a} whichisnotin Eandaw € g '{a}nE. Since z,w € q~'{a}, there
isa @ € Aut(D) such that z = Hy(w). Since z ¢ E = ﬂfelf’l {0}, we can find
an f € I such that f(z) = 0. Now, f o Hyp € I because I is Aut(G) invariant and
w € E, sofoHpw)=0.Butz =Hp(w) givesus 0 # f(z) = f o Hp(w).
This is a contradiction. Hence, our claim follows. Setting

A=f{ac[0,l):qgH{alnE+@}={aec[0,1):q '{a} CE},

it is easy to see that E = g ! A. The only thing that remains to be shown is that A
is closed.

Let {an}y-; be a sequence in A, converging to a € [0,1). Clearly, we have
that {(an,0)};—; is a subset of E, and it converges to (a,0). Since E is closed,
(a,0) € E. Surjectivity of q gives q(E) = A, so a € A. This shows that A is
closed. The proof is now complete. O

4.2. Application 2: An exhaustion of G and new characterizations of D.
An exhaustion of D can be obtained from [10] by first considering the family of
domains

(4.1) D, = {(zl,zz) €C:1+ 2112 = |22 > c|1 + 22 - 23|,

Im(z,(1 +25)) > 0}, c>1

and then noting that
Dy = |J D..

c>1
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We also have Aut(D.) = Aut(D;) = SO(2,1)°. Using the biholomorphism
F:G — D; from Theorem 3.2, we obtain

G=JF'®De) =G

c>1 c>1

where G, = F"1(D,) forall ¢ > 1. Let us find an expression for these G, in terms
of (s,p). To begin with, note that for any ¢ > 1, D, € D;. Hence, an element
(z1,22) € D, must have the form

(. 1+p . s
(21,22)—(ll_p, ll—p)

for some (s, p) € G. This expression for (z1, z2) along with the definition of D,
in (4.1) gives us an exhaustion of G.

Theorem 4.2. For each ¢ > 1 there is an open set
Ge = {(s,p) € G:c|s? —4p| + s> <21 + |p|?), |pl? + Im(Sp +5) < 1}

such that Aut(G.) = Aut(G) ~ Aut(D) and G = U Ge.

While the definition of D; is given by (4.1) and no other characterization is
known, there are several defining characterizations of G known in literature. We
collect Agler and Young’s results from [3] along with our Corollary 3.5.

Theorem 4.3. The following statements are equivalent:

(1) (s,p) €G.

(2) Is2—4p|+ s> <21 + |pl?) and |p|> + Im(Sp +3) < 1.

(3) The roots of the equation z* — sz + p = 0 lie in D.

(4) Is=3pl+Ipl?<1.

(5) Is| <2and|s—3p|+|pl*<1.

(6) The following inequality holds:

2zp — s ' -
s <1 foranyz e D.
(7) The following inequality holds:

2p — zs
2—2zs

' <1 foranyz e D.

(8) 2|s —Sp| + |s2 —4p| + |s|?> < 4. i
9) |p| < 1 and there exists a B € D such that s = Bp + B.

See [12] for lucid proofs of all of the above except (2). With this in our hand,
we are ready to give many defining characterizations of D;.
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Theorem 4.4. For a point (w,v) € C2, the following conditions are equivalent:
(1) (u,v) e D.

2 NM+u2-v3 <1+ ul2=w?and0 < Im@u(l +v)).

(3) The roots of the equation (w + 1)z> + 2vz + (u — i) = 0 lie in D.

4) |Im(v) +ilm(av)| < Im(u).

B) vl <lu+iland | Im) + ilm(v)| < Im(u).

(6) The following inequality holds:

‘a(u—i)+v

3 ‘<1 for any o € D.
U+i+av

(7) The following inequality holds:

‘u—i+6<v

. ‘<1 for any o € D.
U+1i+av

8) 2|Im(v) + ilm(@v)| + |1 +u2 —v? < li+ul*-|vl%
(9) Im(u) > 0 and there is a point B = B1 + if2 € D (B1, B2 € R) such that

'U+,811/L+B2=0.

Proof. The proof follows by noting that under the biholomorphism between
G and D1, the relation between (s, p) in G and (u, v) in D is given by

u-—1i 2v
p= - and s=- -
u+i u-+i
Then, we use Theorem 4.3, and the proof is complete. O

4.3. Application 3: The domain D, is a symmetrization. Isaev, in [9] and
[10], mentioned two spaces, which he denoted by Q; and Dgz). He reasoned that
these are biholomorphic to the bidisc D x D. The success of the map we have
constructed in Theorem 3.2 is that now we have explicit expressions for the maps
from D x D onto Q; and onto D{¥. We have also found two proper holomorphic
maps from Q; and D{” onto D; which are equivalent to sym.

We start by exhibiting a concrete biholomorphic map between D x D and

QO ={(u,v) e C: U+ v -1<|ur+v2-1J}.
The following lemma is crucial to the biholomorphic map that we are going to
give.

Lemma 4.5. Theset {1 —u? —v?%: (u,v) € Q,} is contained in the slit plane
C — (—0,0].
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Proof. Consider a = 0 and the equation 1 — u? — v? = —a. If (u,v) € Qy,
then we have

l+a=u?+v2=ur+v3 < U+ V¥ <|u*+v2:-1|l+1=a+1.

This is a contradiction, and hence it follows that {1 —u2 —v2: (u,v) € Q;} and
(—00,0] are disjoint in C. -

We can conclude from this lemma that the map (z,w) —» V1 -z2 —w?isa
holomorphic function from Q; to C. It will help us to find the symmetrization
map from Q; onto D;.

Theorem 4.6. D x D and Q1 are biholomorphic.

Proof. To give a motivation, set u> + v2 — 1 = u$ and v = v;. Then, one can
transform |u?| + [v2| = 1 < |u2 +v2 - 1| into |1 + u? —vi| <1+ |u}| - |v, |2
which is similar to the definition of D;. Thus, setting u; = i(1 + zw) /(1 — zw)

and v; = —i(z + w)/(1 — zw), we obtain
5 z-w\? Z+w
u :( ) and v =-1i .
1-zw 1-zw

At this point, let us define the following map H : D x D — C2 by

H(z’w):(z—w ,z+w)_

1—-zw _ll —-zw
Suppose that H(z,w) = (u,v). Then, we have

1+zw|?

lu?2 +v2-1| =
1-zw

and

_lz+wPP-Aa-1z9)d - wl?)

lu?l +v)? -1
1 - zw]?

A straightforward calculation yields that

(4.2) lu? +v2 1> [+ v -1 = (1-1[z|)( - |w|?) > 0.
Since (z,w) € D X D, we have that H maps D X D into Q;. To show that H is
injective, take (z1,w1), (22, w2) € D X D and consider H(z;,w1) = H(z2, w3).

This gives us a system of two equations

(21— 22) + Z1z2(w1 —wy) =0,
wiwz(z1 — z2) + (W —wy) =0.
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Since (z1,w)), (z2,w2) € D X D, the system of equations in (z; — z) and
(w1 — w;) has a unique solution (0, 0). Hence, (z1, w;) = (22, w2). This proves
the injectivity of H. For the surjectivity of H, choose any (u,v) € Q. There are
two cases we need to discuss.

Case (i) u = +iv. From the definition of Q;, we get |[v| < 1 and hence
(iv,0), (0,iv) € D x D. Clearly,

H(iv,0) = (iv,v) and H(0,iv) = (—-iv,v).

Cuse (ii)) u + +iv. Consider two numbers

1++V1—-u?-v? 1++V1-u?-v?
z= . and w=- . .
u-—iv u+iv

By Lemma 4.5, z, w are well defined elements of C. A little computation gives
that (z, w) satisfies the following equations:

zZ—w Z+w
(4.3) u=1-_- and V=i

At this point, together with Cuase (i), we have shown that for any (u,v) € Q;,
there are complex numbers z, w such that equations in (4.3) are satisfied. With
expressions as in (4.3), and in view of (4.2), we have

(1-1zH1 = |wl*) >0,

since (u,v) € Q;. Thus, if one of z and w lies in D (or in C \ D), so does the
other one. Now, we conclude the following statements:

(1) If z,w € D, then clearly H(z,w) = (u,v).
(2) Ifz,w € C\ D, then —1/w,—1/z € D. It is easy to see that

Thus, in all cases, there is a pre-image of an arbitrary point of Q; in D X D under
the map H, so H is surjective. Since a bijective holomorphic map always has a
holomorphic inverse, we conclude that H : D x D — Q; is a biholomorphism (see
[18, p. 101]). This completes the proof. O

Since Q; and D; are biholomorphic with D X D and G, respectively, it is
natural to ask for a map from Q; to D; which is equivalent to sym : D X D — G.
The next theorem gives an answer to this question.
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Theorem 4.7. There is a proper holomorphic map symq, = Qi — Dy such that
the following diagram is commutative:

DxD —2—

syml szmg o

G —— 1

where F and H are defined in Theorem 3.2 and 4.6, respectively.

Proof- We start with a point (u,v) € Q; and its pre-image (z,w) € D X
under H. Thus,

(4.4) (u,v) = (

zZ—w ,2+w>
,—1 .
1-zw 1-zw

This gives us
1+zw
Vi—-u?2-—v2=+—=-"-

Tl-zw’

By Lemma 4.5, /1 — u? — v? lies in the right half plane. For (z,w) € D x D,

the same is true for (1 + zw) /(1 — zw) as well. Hence, we conclude

Ti}ﬁf;3:1+zw

1—zw’

Again by Lemma 4.5 and the conclusions that are deduced from it, the map
symg, : Q1 — Dy given by

(4.5) symg (u,v) = (ivl —u?-v2,v)

is well defined and holomorphic. This is the map that works. Indeed, using
equations (4.4) and (4.5), we get

d+zw . z+w
symg, oH(z,w) = (ll —zw' 1 —zw)’

which is precisely equal to F o sym(z,w) by equations (2.1) and (3.5).
To see that sym, is proper, note that

symg = Fosym oH™!
and both F and H are biholomorphisms and sym |pxp is a proper map. Since bi-

holomorphisms are homeomorphisms as well, the conclusion that symy, is proper,
follows. This completes the proof. O
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Let us now consider the remaining biholomorphic copy D{* of D x D. The
domain is defined as

46) DP ={0:t:u:v)eCP P+ ul - v > 1,
2+u—v? =1, Im(u(i +9) > 0)}

U{0:t:u:v)eCP:t2+u?2-v2=0, Im(u(t +v)) > 0}.

The following theorem provides us with a biholomorphic map from D X D onto
DY,
Theorem 4.8. The map ] : D x D — CP? defined by

Jzw)=z-w:1-zw:i(l+zw) : —i(z+w))

is a biholomorphism from D X D onto D\ .

Proof- For z,w € D, we have 1 = zw # 0, and hence the map is well defined

and is holomorphic. It is easy to see that J maps D x D into D
Let us take two points (z,w), (z’,w’) € D x D and consider the following
equation:

z-w:1l-zw:i(l+zw): —i(z+w)) =

!

=CZ' -w:1-Zw i1+ Zw"): iz +w")).

Equating the third components we get zw = z'w’ and then equating the first and
fourth components, we obtain (z,w) = (z’,w’"). Thus, injectivity of J follows.

To see the surjectivity, take a point (s : £ : u : v) € @EZ). Without loss of

generality, we may assume that s = 0 or 1. If s = 0, then by the definition of D{”
(equation (4.6)), (0 : t : u : v) must satisfy the following equations:

(4.7) t2+u’>-v2=0 and Im(u(t+v)) >0.

Note that t # 0. For t = 0, these two equations lead to Im(uv) = 0, which is a
contradiction. Thus, the equation (4.7) can be rewritten as

(2 0 (2420

This is precisely the equation of the complex curve in Dy from Section 3. Thus,
by Theorem 3.2, there is a z € D such that

E—il+zz and v -1 2z
t 1-2z2 t 1—2z2
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Since t # 0, it follows that J(z,z) = (0 : t : u : v). Now suppose that s = 1.
Ift =0, then |ul? — |v|* > 1 and u? — v? = 1 contradict each other, so t = 0.
Again, appealing to the definition of Dgz) and using t # 0, we conclude that
(1:t:u:v) satisfies the following conditions:

(7)) -
L

2 2
>

and
Im(%(l+%))>0

From these equations, it is clear that (u/t,v/t) € D, and hence there exist two
distinct elements z, w € D such that

L Z4w
-1 .
1-zw

v
1-zw and t

E_il“sz
L=

Since t # 0, we can find a nonzero complex number « such that

t u v

l—zw  i(d+zw) —iz+w) ¢

Using the relation t? + u? — v? = 1, we obtain

1
z-w’

X ==

It is easy to conclude the following statements:
) fa=1/(z-w), J(z,w)=0:t:u:v).
Q) fa=-1/(z-w), J(w,2) =(1:t:u:v).
Hence, surjectivity of J follows. This proves that J is a bijective holomorphic

mapping from D x D onto D> and consequently, it is a biholomorphism. This
completes the proof. O

We are again at the stage where one should ask for a symmetrization map
equivalent to the one given by equation (2.1). From the proof of previous theorem,

it is clear that whenever (s : t : u : v) € D', we must have t = 0. Hence, the
map symy, : D(lz) — C? sending (s : t:u:v) to (u/t,v/t) is well defined and
holomorphic. It is indeed the map equivalent to sym. Let us state a result similar
to Theorem 4.7. We leave the details for the reader.
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Theorem 4.9. There is a proper holomorphic map sym, o : D\* — D (defined

above) such that the following diagram is commuztative:

Dgz)

DxD —'— P

syml J{S)’m@ (12) ’

G —— p

where F and J are defined in Theorem 3.2 and 4.8, respectively.
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